Introduction
We work in the category of 2-local spaces, which are are assumed to be compactly generated with nondegenerate basepoints. Let H j be the left lexicographical JamesHopf invariant (see Def. 3.10] or §2 below). We have James's EHP fibration [Co] 
James's showed that 4π * (S 2q+1 ) ⊂ Im(E 2 ), giving an exponent [Ja] of 2 2q for π * (S 2q+1 ), which was improved by Selick [Se] to 2 2q−[q/2] . F. Cohen [Co, §6 ] reformulated Selick's work into a compression of the H-space squaring map on Ω 4 S 4n+1 through Ω 2 S 4n−1 . We prove a conjecture of Gray and Mahowald, which reproves Selick's result. Theorem 1.1 immediately implies that 2π * (S 4n+1 ) ⊂ Im(E 2 ), which is suggested by but does not follow from Selick's exponent theorem. With Barratt, Cohen, Gray and Mahowald [B-C-G&] , we gave simple proofs of weaker compression theorems, and deduced that the E 2 term of the EHP spectral sequence π * (S 2n+1 ) ⇒ π s * is a Z/2 module, and that 4 is the order of the identity on Ω 2 W (n), where W (n) is the fiber of the double suspension E 2 : S 2n−1 − → S 2n+1 . Our proof follows a program of Gray's [Gr3, , completed at odd primes by Harper [Ha] . Roughly, we show that a colifting β : ΩS q − → Ω 3 S 2q+1 determined by sequence
, by computing the H-deviation of the colifting β (cf. [Gr2] ). We compute the H-deviation of β by dualizing Barratt and Toda's theorem involving the Hopf invariant of a Toda bracket (Theorem 3.1), and by showing that, before looping, 1 + Ω(−1) q times the Hopf invariant is a cup product (Theorem 2.5). By Theorem 3.2, which is essentially Boardman and Steer's Cartan formula recognition principal [B-S] , our calculation of the H-deviation proves Theorem 1.1.
The proof of Theorem 2.5 uses techniques arising from Barratt's unpublished theory of unsuspended Hopf invariants. Unpublished work of Barratt's provided crucial evidence for Theorem 2.5: analyzing the Hilton Hopf expansions of commutativity (x+y)f = (y+x)f and associativity (x+(y+z))f = ((x+y)+z)f proves Theorem 2.5 up to James filtration 4.
Our work also owes a heavy debt to Boardman and Steer's [B-S] work on suspended Hopf invariants. Theorem 3.1 is heavily based on Boardman and Steer's proof of the Cartan formula for their geometric Hopf invariant Thm. 5.6, Lem. 5.7, picture p. 201] .
In §4 we prove a formula about the Barratt-Ganea-Toda relative Hopf invariant [Ga1, Ga2] , which can be used to give a unified proof of both our theorem and Harper's. The unified proof will appear in a later paper, along with a proof that Gray's map [Gr1] 
, and a new proof of Gray's theorem [Gr2] .
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James Hopf invariants
We give a precise notation for adjoints maps between suspensions and loop spaces.
Definition 2.1. Given spaces A and X, and maps f : ΣA − → X and g : A − → ΩX, we denote their adjoints as f ∨ : A − → ΩX and g : ΣA − → X. Thus f = f ∨ and g = g ∨ . For a map f : A − → Ω 2 X, we have the adjoints f : ΣA − → ΩX and f : Σ 2 A − → X.
We now recall from Boardman and Steer [B-S] the definition of smash products, cup products, James Hopf invariants and Whitehead products. See also Whitehead's book [Wh] for its attention to point-set topology, and for the James splitting, which is not treated in [B-S] or in any of James's papers.
Suspension will mean smashing on the right with
. By associativity of the smash product, Σ n X = X ∧ S n . For spaces A and B, the composite permutation
is called a shuffle. Given maps φ : Σ n A − → X and γ : Σ m B − → Y , the composite
will also be denoted f ∧ g. Cup products are defined by pulling back smash products by the reduced diagonal map ∆ : A − → A ∧ A. Thus for maps φ : Σ n A − → X and γ : Σ m A − → Y , we define the cup product to be the composite
Let X be a connected CW complex with basepoint * ∈ X. The James construction
k / ∼ is naturally homotopy equivalent to ΩΣX, where the equivalence relation is given by the basepoint. The composite ι k :
commutes up to homotopy, where the "sum" is ordered left lexicographically. For spaces and maps f : ΣA − → M and g : ΣB − → M, the Whitehead product [f, g]: ΣA ∧ B − → M is defined to be the unique homotopy class such that
Given spaces and maps α :
Recall the algebraic identities gf = fg(g, f ) and (gh, f ) = (g, f )((g, f ), h)(h, f ), for elements of a group f, g, h. Therefore, for any maps f, g, h : A − → X,
The symmetric group Σ k acts on
. Now we discuss Barratt's theory of unsuspended Hopf invariants. For a preliminary account of this theory see Baues's book [Ba] , which unfortunately contains mistakes. In particular Baues claims a Cartan formula for H j , which is false and incompatible with Theorem 2.5 below. We begin with Lemma 2.2. Let X be a space and f, g : X − → S 2q−1 be two maps such that 
where the sum of commutators is ordered arbitrarily.
Definition 2.4. Given maps φ : ΣA − → ΣX and γ : ΣB − → ΣY , the unstable smash product φ γ : Σ(A ∧ B) − → Σ(X ∧ Y ) is defined to be the composite
Note that the composite Σ 2 (A∧B)
is the usual smash product φ ∧ γ. Given maps φ : ΣA − → ΣX and γ : ΣA − → ΣY , the unstable cup product is defined to be the composite φ γ :
For any space X, let σ : ΩΣX − → X be the evaluation map. We define the map ⊗ : ΩΣX ∧ ΩΣY − → ΩΣ(X ∧ Y ), for any spaces X and Y , to be the adjoint of the
. We now prove Theorem 2.5. The following diagram is homotopy commutative.
Proof. For convenience, let X = S q . Then we have (12) (−1) q : X ∧ X − → X ∧ X. We thus need to prove that H 2 +Σ(12)·H 2 σ σ : ΣJ(X) − → ΣX [2] . By the James splitting, it suffices to show that the following diagram is homotopy commutative.
Note that (12)
. Then by Lemma 2.3, we have
By ordering the sum of commutators left lexicographically, we have
] is equal to the sum
But π i · π i vanishes, because X is a suspension, so we can add or delete terms which involve the repetition of an index. Hence
Recall [Co, Cor. 1.3 ] that the Whitehead product [ι, ι] ∈ [ΣX [4] , Σ(X ∧ X)] has order two, since Σ(X ∧ X) = S 2q+1 is an odd sphere. Thus, in the group [ΣX k , Σ(X ∧ X)],
But the two maps H 4 • 2 and (2ι) • H 4 are equal after a suspension. By Lemma 2.2,
This establishes diagram (5).

The dual Barratt-Toda formula
For spaces F and X and map f : ΩF − → Ω 2 X, with adjoint f : Σ 2 ΩF − → X, we define the H-deviation D(f ): Σ 2 (ΩF ) [2] − → X to be the homotopy class so that
The Barratt splitting Σ(ΩF × ΩF ) 
Theorem 3.1. Assume we are given spaces and maps
Let F be the homotopy fiber of p, with principal fibration ΩB
There exists a map β : ΩF − → Ω 2 X such that the following diagrams are homotopy commutative.
Proof. Recall that F = {(e, λ) : λ(1) = p(e)} ⊂ E × P B. Write elements of ΩF as (η, Λ) : S 1 − → F , so that ∀s ∈ S 1 , Λ(s)(1) = p(η(s)). Let µ : E − → X I be a homotopy of (8), with µ(0) = f • p, µ(1) = α • ∆. We define the map β : ΩF − → Ω 2 X by
Then, following Boardman and Steer [B-S] , we compute the H-deviation of β.
B B B B B B B B B B B B B B B
where the solid lines are mapped to * ∈ X. Thus the composite Σ 2 (ΩF × ΩF )
→ X is homotopic to the sum of the maps β • Σ 2 π 1 , β • Σ 2 π 2 and the map
By (6) we have calculated D(β), so the right five sided figure homotopy commutes. For any loop Λ ∈ Ω 2 B, ∂(Λ) = ( * , Λ) ∈ F , and β( * , Λ) ∈ Ω 2 X is a dilation of f • Λ to the lower triangle of the square (9). Thus the left hand triangle homotopy commutes as well.
Theorem 3.2. Given a suspension X = ΣX and a map β : ΩX − → Ω 3 ΣX [2] , sup-
is nullhomotopic, and that the H-deviation of β is
. Then β is homotopic to the composite
Proof. Let β : ΩX − → Ω 3 ΣX [2] denote the composite (10). By the James splitting
, the map β is determined by the composites
, where
So it suffices to show the composites
are homotopic. By assumption and (7), for a space A and maps α, β : ΣA − → X, we have
By assumption, the bilinearity of the cup product, induction and (11), we have
Taking adjoints yields
, which verifies the first part. If X = S q , then shuffle (−1) q−1 . The following equation verifies the second part.
Proof of Theorem 1.1. Applying Theorem 3.1 to the EHP fibration (1) and diagram 4, we have a map β : ΩS q − → Ω 3 S 2q+1 such that the composite β • ΩP is 1 + Ω 3 (−1) q . Theorem 3.2 identifies β to be (−1) q−1 ΩE 2 • H 2 , and the diagram
is homotopy commutative.
The relative Hopf invariant formula
For an NDR triad (Y, A), let M = Y ∪ CA be the mapping cone, and let θ : M − → Y /A∨ΣA be the coaction map (cf. [Ga1, Ga2] In the absolute case M = ΣA, h : ΩΣA − → Ω 2 (ΣA ∧ ΣA) is the geometric Hopf invariant defined by Boardman and Steer Def. 5.4] . Following the proof of their Thm. 5.6, which is essentially the proof of our Theorem 3.1, we can prove the relative Cartan formula of [Ri] . We now have 
